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Variations in the uncertain parameters affect four of the five
open-loop eigenvalues. The eigenvalue sensitivities for these pa-
rameters are listed in Table 2 along with the magnitudes of the
sensitivity-bound products. The sensitivities are grouped by eigen-
value in the table. Following the procedures of Sec. II, the maximum
eigenvalue change for all possible combinations of parameter varia-
tions is

|AA,i ,2lmax = 1-63; |AA3Ux - 4.47; |AA4|max - 5.10

The parameters for scaling are selected by examining Table 2. The
parameter Ms is selected to scale for the change in AI and A2. The
parameter Ma has the largest sensitivity-bound product for both
A3 and A.4. This indicates that Ma can be scaled to accommodate
changes in both of these eigenvalues. The initial scaling values are
found using Eq. (4): AM8 = 272; AMa = Max(213, 243) = 243.
Note that because Ma is being used to accommodate changes in
two eigenvalues, the maximum of the two initial scaling values is
used. By iterating, the final scaled uncertainty values are AM5 =
273;AMa = 259.

A robust controller is designed using only the scaled uncertain-
ties in Ma and M$. Again /i-synthesis was applied with various
D-scale orders. D-scales of order two and three were used in the
final design. Figure 3 shows the structured singular values of the
system, with this autopilot, subject to the original set of uncer-
tainties. Note that the system meets the specifications for robust
performance.

IV. Conclusions
A method of reducing the number of modeled uncertainties is

presented. The application of this procedure, prior to this auto-
pilot design using /z-synthesis, yielded improvements in the ro-
bust performance of autopilots when compared to the direct ap-
plication of /x-synthesis. Note that the performance comparison is
made with respect to the system subject to the complete set of
modeled uncertainties. The uncertainty reduction technique pre-
sented was applied to three separate missiles, and yielded reduc-
tions of 5-50% in the maximum structured singular value in these
cases. Because of space considerations, only one of these autopi-
lot designs is presented above. Although the uncertainty reduction
technique presented above has been applied only to autopilot de-
sign, it is conjectured that it will prove useful in a wider range of
applications.
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I. Introduction

ONE of the challenges in structural control is to successfully
and confidently apply the control law derived from a discrete,

reduced-order model to engineering systems of much higher order.
Balas1 was among the first to show that the spillover associated
with discrete system modeling could destabilize a structural control
system. There are two types of spillover: observation spillover and
control spillover. The former entails the contamination of sensor out-
put through the residual mode dynamics, whereas in the latter, the
residual modes are adversely excited by feedback control. Many of
the previous studies of the controller design of slewing flexible struc-
tures adopted the modal truncation technique in the time domain2-3

or in the frequency domain.4'5 Although some systems can be well
modeled by a finite number of discretized dominant modes, there
are many whose dynamics can only be captured by the distributed
parameter model. This Note presents a single input/single output
(SISO) controller design for a slewing flexible structure system in
distributed parameter model. A stability criterion is developed from
the root locus method in the frequency domain, and the criterion
is applied to predict the stability of the closed-loop system under a
selected control law and a given set of sensor and actuator in non-
collocated configurations. It is shown that the control law requires
neither modal discretization nor distributed state sensing/estimation;
moreover, no functional gain calculation is needed. These advan-
tages are essential for hardware implementation in vibration control
application.

II. Stability Analysis
In frequency domain analysis, the open loop transfer function of

a SISO system is often written as

(DD0(s)

where £ is the spatial coordinate and s the Laplace parameter. Define
the transfer function of controller C(s)

K(s) =
Dc(s)

(2)

where Nc (s) and Dc (s) have no common roots, A: is a gain parameter,
k > 0, and the controller is assumed stable. The closed-loop transfer
function becomes

(3), s) D0(s)Dc(s) - , s)Nc(s)

Let C_ denote the open-left-half plane and C+ the open-right-half
plane. The closed-loop eigenvalues will trace the continuous root
loci in the complex plane starting from the open-loop poles A,/ and
ending at the open-loop zeros zt as the gain parameter k increases
from zero to infinity. The objective is to design a controller such
that all closed-loop poles have negative real part thereby staying in
C_. For an undamped flexible structure the root loci will leave the
imaginary axis and move into either C_ or C+ as the control gain

Received May 20, 1994; revision received Jan. 25, 1995; accepted for
publication Oct. 30, 1995. Copyright © 1995 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

* Associate Professor, Institute of Aeronautics and Astronautics.
^Graduate Research Assistant, Institute of Aeronautics and Astronautics.



J. GUIDANCE, VOL. 19, NO. 3: ENGINEERING NOTES 737

k increases from zero. In their study of a string vibration control,
Yang and Mote6 applied the root locus method and showed that
the direction of root loci should depend on the real part of their first
derivatives with respect to k, which is then evaluated at the open-loop
poles. Let pt (k) denote the root loci originating from A/; if the real
part of its first derivative at the open-loop pole is negative, then all
Pi (k) remain in C_ until the root locus first intersects the imaginary
axis at some critical gain kcr. In the case of no intersection between
any root locus and the imaginary axis, kcr is infinite. In summary,
the stability criterion can be stated as follows: If

(4)

where

Re dk (5)

then the closed-loop system is asymptotically stable for sufficiently
small gain. The transcendental transfer function shown in Eq. (4) is
complete in describing the dynamics of a SISO distributed parameter
system. Any feasible, implementable control law can be tested for
the closed-loop system stability.

III. Controller Design of a Slewing Flexible Beam
The equation of motion for a slewing beam system can be writ-

ten as

i/'"(§f t) + v($, 0 + (r + £) 0(0 = 0 (6a)

with boundary conditions

70(0 - u"(0, t) + ri/"(0, 0 = M (6b)

v(0, t) = i/(0, t) = u"(l, t) = v"'(l, 0 = 0 (6c)

where v($-,t) is the deflection of the flexible beam, u the control
input at the hub, 9 the hub attitude, J the rotational inertia of the
system, r the hub radius, t time, £ the spatial coordinate along the
beam, 0 < f < 1; the prime and dot denote partial differentiation
with respect to £ and f, respectively. All parameters are nondimen-
sionalized. By defining a new coordinate w(£, 0 as

w(%, t) = v(£, 0 + (r + ?)0 (7)

and taking the Laplace transform of Eq. (6a), a simplified equation
can be obtained:

with the corresponding boundary conditions in terms of the new
coordinate. The overbars denote the Laplace transforms. Let

s2 = -A4 (9)

The solution of Eq. (8) is known to be

u> = AI sin(A£) + A2 cos(A£) + A3 sinh(A£) + A4 cosh(A£) (10)

The open-loop transcendental transfer function from the control
torque u to the hub attitude angle 9 can be derived analytically as
Gu9 = 0/u = NU0/DU0, where

Du9 = A[(r2A2

(lla)

(lib)7A3(1

where sx = sin (A.), cx = cos (A), shx = sinh(A), and chx = cosh
Because the rigid body motion and flexible body vibration is coupled

as shown in Eq. (7), the transfer function from the hub attitude 9 to
the tip displacement v ( l ) is G0\ = Ndi/D9i, where

ei = A(r

Dei = A(l + chxcx)

(12a)

(12b)

Consequently, the transfer function from the control torque u to the
tip displacement t>(l) becomes

For a selected control law and a given set of sensor and actuator
defined by Nc(s) and Dc(s), the closed-loop system stability can be
predicted by substituting Eq. (13) into Eq. (5).

Consider the case of colocated feedback of the hub attitude and
rate as well as noncollocated feedback of the tip displacement and
velocity. The control law is

u = -(ko + kis)9 - (kp + kds)v(l) (14)

From Eqs. (3) and (5), the root loci derivative can be written as

R°'lF Jfc = 0+

= Re —\_AI
(15)

where A./ are the open-loop poles of Eq. (1 Ib) and

Ai - 2r2A2 + 2rA2 - 7A, + kQ + ^i

A2 = 2r2A2 + 2rA2

A3 = A4 =

A5 =

The material constants and dimensions of the slewing beam are den-
sity p— 2.77 g/cm3, Young's modulus E— 7500 kg/mm2, thick-
ness h — 0.2 cm, width w = 3 cm, length / = 159 cm, and hub inertia
J = 840 g-cm2. For the design specification of rise time tr = 0.5 s,
settling time ts = 1 s, and 1% steady-state error, the collocated con-
trol gains are selected as fc0 = 0.0319 and k\ = 0.0266. Table 1
lists the root loci derivative of the first five modes of the closed-loop
system under the control law of Eq. (14) but with kp = 0. The sys-
tem is shown stable in the frequency range up to the fifth mode. At
higher modes when A/ -+ oo,

(16)

The sign of Eq. (16) depends mainly on cos(A,)/[sin(A/) — cos(A/)].
It is straightforward to show that the stability criterion in Eq. (5) is
satisfied at higher modes as well, provided that A,- never falls in the
region of [nn + (n/4), nn + (n/2)] for n = 1, 2 , . . . . Although
the open-loop poles A/ , equivalent to the poles of a cantilever beam
system, cannot be analytically obtained, they are very similar to
periodical solutions,.A, -* nn, at high-frequency modes. Thus, the
slewing beam system under noncollocated feedback is stable. In
the case of both velocity and displacement feedback, the additional
acquisition of the displacement signal will not affect the stability
prediction because the displacement feedback gain kp appears only
in the imaginary part. Note that the stability criterion is applicable
to systems with sufficiently small gain. For higher gain, however,
the critical value kCT has to be calculated to ensure stability.

To illustrate the advantage of the distributed parameter model
over the discrete parameter model, the modal truncation technique
is applied to the same slewing beam system. The discrete model
admits the first three modes as primary modes and the subsequent
two modes as residual modes. The output signals measured, similar
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Table 1 Stability criterion test of the
distributed parameter model of a slewing
flexible beam with noncollocated feedback
Mode number

-27.405
-41.239
-35.772
-42.973
-16.801

Table 2 Closed-loop eigenvalues of the slewing
beam in discrete parameter model with

three primary modes

Mode

Primary

Residual

Mode number

1
2
3
4
5

Eigenvalue

-0.0301 ±0.301;
-0.0233 ± 10.692J
-0.1277 ±28.865;
-0.0153 ± 70.155;
-1.4552 ±327.22;

-10°0 10 20
Frequency (Hz)

Fig. 1 Bode plot of the slewing flexible beam in distributed parameter
model: ——? closed-loop system and - - - -, open-loop system.

to those in Eq. (14), are the hub attitude, angular rate, and tip velocity
with the control gains ko = 0.0319, ki = 0.0266, and kd = 0.016.
Table 2 lists the closed-loop eigenvalues of the discrete model; the
loop system is destabilized by the control and observation spillover
of residual modes. But this prediction contradicts that in Table 1,
which shows that the system is stable. The Bode plot in Fig. 1 shows
the distributed parameter model is stable under the same control law
and control gains. The example illustrates that inadequate discrete
parameter model can lead to incorrect results.

IV. Conclusion
A stability criterion in the frequency domain is developed to pre-

dict the closed-loop system stability of a slewing flexible structure
in a distributed parameter model. By formulating the open-loop
transcendental transfer function, the system dynamics can be fully
described so that the spillover problem associated with discrete pa-
rameter models can be prevented. The noncollocated feedback con-
troller that uses measurements of the tip displacement and velocity
is shown to be effective in vibration suppression; moreover, it is im-
mune from spillover instability. Note that the controller robustness
to model uncertainties may require further studies. In the case of
discrete system modeling by three primary modes and two resid-
ual modes, the closed-loop system under optimal output feedback
is predicted to be unstable by eigenvalue calculation. Inadequate
discrete parameter model is shown to lead to incorrect results.
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Introduction

S PACECRAFT are frequently controlled by dissimilar actuators
such as electrically powered momentum wheels and fuel driven

thrusters. In such cases the question arises of how to use the actu-
ators in concert in an optimal manner. Additional difficulties arise
when the controls are essentially impulsive, because standard opti-
mization approaches tacitly assume that the controls are bounded or
that partial derivatives of the cost with respect to the controls exist.1
Note that fuel is currently more expensive than electrical power,
although this will not be true in every future application, and it will
be important to understand the tradeoff.

A geometric approach was used in Refs. 2 and 3 to find the opti-
mal control for a variety of different actuator types. An advantage of
this approach is that it easily handles the impulsive solutions associ-
ated with minimum fuel controls.4 This Note applies the geometric
approach to a rotating rigid body controlled by dissimilar actuators.

Problem Description
We consider a freely rotating planar rigid body controllable by

either or both of two actuators of dissimilar types. The actuators will
be referred to as a pair of impulsive thrusters mounted symmetri-
cally about the center of gravity and a torque wheel, although the
analysis is applicable to any set of actuators whose cost of operation
is proportional to fuel and power, for instance, a cold gas jet and an
ion thruster.

The rigid body is rotated about its e.g. through a prescribed angle
over a prescribed amount of time. At the end of the maneuver, the
body is brought to the origin at rest. The equation governing the
planar motion of the rigid body is

0" = V{ + v2 (1)

where 9 is the angular position of the rigid body and the nondimen-
sional control inputs are defined by Vi=uiLT2/I and v2 = u2T2/I.
Here the primes denote differentiation with respect to nondimen-
sional time r = t/ T, L is the distance between the thruster and the
e.g., u\ is the force produced by the thrusters, u2 is the moment
produced by the torque wheel, / is the mass moment of inertia of
the system, and T is the final time.
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